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[terative solution methods for parabolic optimal
control problem with constraints on time
derivative of state function

E. Laitinen, A. Lapin

Abstract—An iterative solution method is proposed and in-
vestigated for the finite difference approximation of a parabolic
optimal control problem with constraints on time derivative
of the state function. Convergence analysis of the iterative
methods is made. It is based on the general results on the
convergence of iterative methods for constrained saddle point
problem ([1], [2], [3]).-The main feature of the constructed
iterative solution methods is their easy implementation. Com-
putational experiments confirm the theoretical results.

Index Terms—terative methods, saddel point problem, con-
straints in time derivativeterative methods, saddel point prob-
lem, constraints in time derivativei

I. Problem formulation

Let Q@ =1[0,1]",n > 1, 9Q be its boundary, Qr = Q x (0, 7]
and Y7 = 09 x (0, T]. Define a state problem with distributed
control:

dy

ot —Ay=f4+uin Qr;

y=0on Xr; (1
y=0fort=0, x € Q,

where function f(z,t) € L2(Qr) is given, while y(z,t) and
u(z,t) are unknown state and control functions. This problem

has a unique weak solution y € L2 (0, T'; H} (€2)) such that % €
La2(Qr).

Let objective function be defined by the equality
1 2 o 2
J(y,u) = = [ (y(z,t) — ya(z,t)) dedt + 5 [ u dzdt, a >0,

2
Qr Qr
(2)

with given observation function yq(x,t) € L2(Qr).
Finally, define the sets of the constraints:

Usa = {u € L2(Qr) : |u| < TG ae Qrl;

0 0
Yad = {y : % € LQ(QT) and Ymin < aizt/ < Ymax A.€. QT}7
3)
with given constants @ > 0, Ymin and Ymax.
We will solve the following optimal control problem:
min J(y,u),
gy T ) (4)

K ={(y,u) € Yaq X Uaq : equation (1) holds}.

Lemma 1. Problem (4) has a unique solution (y,u) if K # 0.
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II. Finite difference approximation of the optimal
control problem

We suppose for the simplicity that f(z,t) is a continuous
function in Q x [0,T]. Let w; be the uniform mesh of the
meshsize h on 2, cardw, = N,. By A we denote the
mesh approximation of Laplace operator with homogeneous
Dirichlet boundary conditions. Then the spectrum of sym-
metric and positive definite matrix A belongs to the segment
[Vmin(A), Umax (A)], where vmax(A) has an order h™2, while
Vmin > 0 is limited from below by a constant which
doesn’t depend on h. For the mesh functions defined on the
mesh w, and the vectors from RN’” of their nodal values we
will use the same notations. By (.,.)» andl\J ||z we denote
the inner product and euclidian norm in R Further, let
wr={t; =47,5=0,1,...M; MT =T} be a uniform mesh on
the segment [0, 7. Denote by y; = y(x,t;) a mesh function on
a time level t; € wy, or equivalently the vector y; € RY® of its
nodal values.

Let us approximate state equation (1) by weighted finite
difference:

]\47 Yo =0
()

with 6 € [0,1]. We suppose that the stability condition 7 <
2(Vmax(A)(1 — 26))7" in the case § < 1/2 is satisfied. In the
case § > 1/2 this finite difference problem is unconditionally
stable.

Matrix L € RMNaxMNz,

(Ly); = { (y

]':

1 .
— (W5 —yi—1)+AQY;+(1=8)yj—1) = fitus, j=1,...,

Yj — Yj— 1)+A(5yj (1 =0)y;-1) for
, M; y1 + 0Ay: for j =1}

is positive definite (the stability condition condition is supposed
to be satisfied in the case § < 1/2).

The objective function (2) is approximated by the mesh
objective function

1 M
W=35> Il
j=1

while the mesh approximations of the constraints sets (3) are

M
«
S I [0
j=1

Uy = {u: Ju(z,t)| < aVe € wy, Vt € wi},
affi ={y: TYmin < Yj — Yj—1 < TYmax (Yo = 0) V& € wy,Vt € wy}.
Now mesh optimal control problem reads as follows:
min  I(y,u),
i, O (7)
K, ={(y,u) € Y/, x U, : equation (5) holds}.

Lemma 2. Problem (7) has a unique solution if Kj # 0.
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III. Saddle point problem

Let us define matrix R € RMNe>MNe ' (Ryy, = (y; —
yj—1 for j = 2,...,M; y1 for j = 1}, and vector p = Ry.
Then we can replace the constraint y € Y/, in the optimal
control problem by the following constraint: p € P(fd =
{TYmin < Pj < TYmax, J = 1,2,... M}. Let further 6 and ¢
be indicator functions of the sets P, and U%;: 8(p) = {0ifp €
Pl oo otherwise}, ¢(u) = {0ifu € Uy; +oo otherwise}.
Then mesh optimal control problem (6) can be written as

oy LW 1) +0(p) +(u)}-

min
Ly=f+u, p=

Define Lagrange function
L(y,u, A) = 1(y,u) +0(p) +p(u) + (A, Ly —u—f) + (1, Ry —p),

where (.,.) is the inner product in RM"e. Its saddle point
satisfies the following system (cf. e.g. [4]):

L™ RT

E 0 0 Y 0 Yd
0 «aFE 0 —-E O U Ap(u) 0
o 0o o o -Ellp|l+|oe]|>3]0],
L —-E 0 0 0 A 0 f
R 0 —-E 0 0 L 0 0

(8)
where E € RMNe*MNe g ynit matrix, p(u) and 80(p) are
the subdifferentials of ¢ and 6 respectively.

Lemma 3. Let the strengthened variant of the assumption
K}, # 0 be satisfied:
There exists a pair (y*,u*) € int Y}y x int U, such that
Ly* = f+u”.
Then saddle point problem (8) has a nonempty solution
set X = {(w,n)} and w is unique.

IV. Iterative methods
Using the notations w = (y,u,p)”, n = A\ w7, g1 =
(yd707 0)T192 = (f7 O)T7 81/](11}) = (0,8@(u),89(p))T and

E 0 0
A=[0 aE 0 ,Bz(lfj2 s _OE)
0 0 0

problem (8) can be written in the following compact form:

& D)E)-()=) o

The degenerate matrix A is an obstacle to the application
of Uzawa-type iterative methods for solving (9). To overcome
this deficiency we use two equivalent transformations of (8)
and obtain the saddle point problems with positive definite
matrices instead of A. In both transformations we use the last
equation of system (8), and obtain the variants of saddle point
problem (9) with the matrices

E 0 0
A1 = 0 aF 0 or
-rR 0 rE
E+rRTR 0 —rRT
Aoy = 0 aoF 0 , >0,
—rR 0 rE

instead of A and with the same matrix B, function ¢ and
vectors g1, g2.

Lemma 4. Matrix A, is positive definite for 0 < r < 1
and matrix Ay, is positive definite for any r > 0. Moreover,

ISBN: 978-1-61804-323-8

for these parameters r they are energy equivalent to block-
diagonal matrix Ay = diag (E aF TE) with constants of
the equivalence, which depend only on 7:

(1= v/71)(Aoz, 2) < (A1rz,2) < (14 V1) (Aoz, 2),
00(r)(Aoz, 2) < (A2r2, 2) < 02(r)(Aoz, 2), Yz = (y,u,p),

where oo(r) = (1 +2r +2vr +72)7% o1(r) = 2r(1 + 5r +
V1+6r+25r2)7 "

A preconditioned Uzawa-type iterative method for solving
saddle point problem (9) reads as

Aw T 4+ 0w t) 5 BTnF + g1,

1 10
EDW““ — ") + Buw't = go, (10)
where D is a symmetric and positive definite matrix (precon-
ditioner), p > 0 is an iterative parameter.

Due to [1] iterative method (10) converges for any initial

0 k _k * %
guess 7° (convergence means (w”,n") — (w*,n*) € X for k —
00) if the pair ”preconditioner D - parameter p” satisfies one
of the following (equivalent) assumptions:
1 _ 1 _

Al > HTa)pBTD "BorD > HTE)pBAS BT e >0,
where A; = 0.5(A + AT) is the symmetric part of A. The
optimal preconditioner D is a matrix which is spectrally
equivalent to lgAS_IBT: coBAT'BY < D < e1BA;'BY, with
smallest ratio —.

Our goal is %(()) construct a preconditioner D such that the
constants co, c1 don’t depend on meshsizes h and 7 and on the
parameter «, while D is "easily invertible”.

Due to Lemma 4 the matrix B.A; ' BT is spectrally equivalent
to BA-'BT — LL" + o 'E LR"

0 RLT RRT +r7'E
A = A1, or A = Az.. In turn, this matrix is spectrally
equivalent to a block-diagonal one. More precisely, the following
statement takes place:

for any choice

Lemma 5. Matrix

po (L+aPE)LT +a”V2E) 0
N 0 r'E

is spectrally equivalent to BA;'B” with constants, which
depend only on 7.

Method (10) for problem (8) with A = A, and with
preconditioner D reads as follows:

yk+1 =yq —LT)\k —RT k’
auk+1 +8¢(uk+l) 3 >\k7
Tpk-H + ae(pk+1) D) rRyk'H + uk7

Ak+1 _ Ak
(L+a YPE) LT + o VPE) 2 = Ly T
HkH *Mk k+1 k+1 g
L o S Ry + —p + .
rp

(11)
Theorem 1. Method (11) converges if r € (0,1) and 0 < p <
21— ) (WT+71—1)°

Implementation. On every step of method (11) we have to
solve two inclusions, for ©**! and for p**!, and the system
of equations with the matrix (L + o Y2E)(LT + o™ '/2?E).
Solving the inclusions reduces to pointwise projections on
the corresponding sets of the constraints. On the other
hand, solving a system of linear equations with the matrix
(L+ o Y2E)(LT 4+ a~Y2E) consists of sequential solving the
systems with the matrices L+ Y/2F and LT +a~'/2E. In the
case of explicit finite difference scheme (o = 0) these matrices
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are triangle ones and the solutions can be found by explicit
calculations.

Let now
E+rR"TR 0 0
Azr = A1 + Aa, A1 = 0 aF 0 |,
—rR 0 rFE
12
0 0 —rRT (12)
A>=1(0 0 0
0 0 0

Block relaxation-Uzawa iterative method for solving saddle
point problem (9) reads as follows:

«{hwkle + Asw® — BTn® + Bw(wkﬂ) 3 g1,

13
;D(nkﬂ — ") + Butt = g, (13)

Due to [2] this method converges for any initial guess (w°,n°)
if there exist constants €1 > 0, e2 > 0 and a continuous and
non-negative function p, p(0) = 0, such that

(1+e2)p

(Arw,w) + (A2v,w) = e1]w]® + (D™ Bw, Bw)

+p(w) — p(v) Yw,v.
(14)
Method (13) for problem (9) with the matrix A = Aj, splitted
into the sum as mentioned in (12) with the same preconditioner
D as above takes the form:

yk+1 + TRTRyk+1 =yq — LT)\k _ RTI,Lk + TRT k:7
auF Tt 4 9p(uFth) 5 Ak
rp" T+ 00(p" ) 3 r Ry 4t

)\k+l _ )\k
(L+a71/2E)(LT+a71/2E) Lyk+1 uk)+1 _f,
p
Hk+1 - Mk — RyFT! k+1
= 1w -p -
rp
(15)

Theorem 2. Method (15) converges if » >0, 0 < p < 1.

Implementation. The implementation of method (15) differs
from the implementation of method (11) only in the equation
for y*t!. Namely, now we have to solve a system of linear
equations with the matrix E 4+ rRTR for finding y**'. The
corresponding calculations reduce to solving for every fixed
node of w, a system with tridiagonal matrix (with respect to
time variable), so, can be implemented by Thomas algorithm.
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