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The sum over E,y,

A. Chillali, A. Tadmori and M. Ziane

Abstract—Let d is a positive integer. In this article we will
study the elliptic curve defined over the ring F,a[€]; €2 = 0.
More precisely we will give many various explicit formulas
describing the binary operations calculus in E,p ¢ .
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I. INTRODUCTION

LET d be an integer, we consider the quotient ring A =

F,alX] . L d
) where [F,q is the finite field of order 2¢. Then

the ring A is identified to the ring F,a[€] with €2 = 0
ie: see [1] and [2], A={ ap+a;. € |ap;a; € F,a }.

We consider the elliptic curve over the ring A which
is given by equation: Y2Z + cXYZ = X3 + aX?Z +
bZ3,

where a, b and ¢ are in A and c®b is invertible in

A, but we can take ¢ =1; see, [3].

I1.NOTATIONS

Leta, b € A suchthat b is invertible in Aand ¢ =1.
We denote the elliptic curve over A by E,;,(A) and
we write:

E.p(A) ={[X:Y:Z]€P(A)Y?’Z+XYZ = X3+
aX?Z + bZ3}.

If by € F,a\{0} and a, € F,q, we also write:

Eagp, (Fpa) = { [X 1 Y 1 Z] € Py(F,a) [Y2Z +XYZ =
X3 4+ agX?Z + byZ3}.

I1l. CLASSIFICATION OF ELEMENTS OF E, 5 (A)

Let [X:Y :Z] € E,,(A), where X, Y and Z are in A.
We have two cases for Z:

* Z invertible: then [X : Y : Z] =[XZ"1:Y Z71: 1];
hence we take just [X:Y:1].

* Z non invertible: So Z =z, ¢, see [4], in this cases
we have tow cases for Y.

- Yinvertible: Then [X:Y:Z]=[XY™1:1:
ZY™11; so we just take [X : 1 : z,£] ; then is verified
the equation of E,,(A): Y?Z + XYZ = X + aX?Z +
bZ3,

SO We can write:
a=ag+a.e
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b=b, + bse
X=Xy + X;€
We have: z;& + (Xg + X18). 2.8 = (X + x;8)3 +
(ap + a18). (Xo + x18)%. 2,6 + (by + by £).2,3¢3
Which implies that
Z1€ + X2 € = Xo° + (Xo2X; + agX(2Z1)E
Then
(z1 + X0Z1)€ = X2 + (Xo2X;1 + a9X221)E
Since (1, €) is a base of the vector space A over F,q,
then x, = 0,50 X =x;,eand z,€ = 0 (iez; = 0)
hence [X: 1:z,€] = [x;£:1:0].
- Y non invertible: then we have Y =y, ¢, so
X = xq + x4€ is invertible so we take
[X:Y:Z]~[1:y,&:21€] thus 1 + a.z,e = 0,ie 1 +
apz.€ = 0 which is absurd.
Proposition 1:
Every element of E,,(A), is of the form [X:Y: 1] or
[xe:1:0] , where x € F,a and we write:
E.p(A) = {[X:Y:1]€ P,(A)|Y? + XY = X® + aX? +
b}u {[xe: 1: 0]|x € F,a }. [1].

IV. EXPLICIT FORMULAS

We consider the canonical projection  defined by:
m: Fya[e] » Fya
Xo + X1€ 2 Xp
We have m is a morphism of ring.
* Let m, the mapping defined by :
Tyt Eap(A) = Eqpp, (Fypa)
[X:Y:Z] - [m(X): (Y): (Z)]
The mapping T, is a surjective homomorphism of groups.
Theorem1:
Let P =[X;:Y;:Z;], Q = [X;:Y,:Z,] in E,,(A) then
P+Q=[X;5:Y3:Z3] :
 If M, (P) = m,(Q) then :
v X3 = XY, + XYY, + X,0Y, 2 +
X X,2Y; +a X, 2X,Y, +a X, X%, +
a X;2%,%2 +bX,V;Z,2 +bX,Y, 7,2 +
bX,%Z,> +bY,2,%Z, + bY,Z,%Z, + b X,Z,%Z,
Vo Yy = Y22 4 X, Y0 %Y, + a X X,2Y, +
a? X,%X,% +b X,%X,Z, + b X, X,%Z, +
bX,Y,Z,% +bX,?Z,% + ab X,%Z,* +
bY,Z,%Z, + bX,Z,°Z, + abX,Z,%Z, +
ab X,Z,%Z, + b%Z,%7,*
Vo 7y = X %X, Y, + X X%Y, + Y, 2Y,Z, +
Y, Y27, + X.2X,% + X, Y, %7, + X,2Y,Z, +
a X12Y,Z, + a X,%Y,Z, + X1%X,Z, +
a X;X,%Z, +bY¥,Z2,%7Z, + bY,72,%Z, +
b X,Z,%7Z,
 If m, (P) # m,(Q) then:
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v Xy = XY, 7 + X, Y%7, + X, 2Y,Z, +
X,2Y,Z, +a X, 2X,Z, +a X, X,%Z, +
b X,Z2,%Z, +bX,Z,%Z,

VoY = X%X,Y, + X X520 4 Y, 2Y,Z, +
Y, Y%7, + X, 2,7, + X,%Y,Z, +a X,2Y,Z, +
aX,?Y,Z, +a X;2X,7Z, +a X;X,%7, +
bY,Z,%Z, + bY,Z,°Z, + b X,Z,%7, +
b X,7,%Z,

Vo 7y = X*X,Z, + X, X,%7, + Y,%Z,% +
Y,27,:% + X V12,7 + X, Y, 2% + a X, 22,0 +

aX,?Z,?
Proof:
Using the explicit formulas in W.Bosma and H.Lenstras
article see, [5], we prove the theorem. [

V.MAIN RESULTS

Leta =ay+a;& b=Dby+b;
Lemmal:
Let P = [x;,&:1: 0] and Q = [t,: 1: 0] two points in
E.p(A) then: P+ Q = [(x; + ty)e: 1 +t;€:0]
Proof :
As m,(P) = m,(Q), then by applying the formula (1) in
theorem, we find the result. . ]
The following lemmas may be proved by using the
explicit formulas in [5, p. 236—238].
Lemma 2:
Let P = [x,e: 1: 0] and Q = [ty + tye:hy + hye: 1] two
points in E, 1, (A), then :
P+ Q = [to+t & (X1t + hy)e+ hg: 1 + x4¢€]
Lemma3:
Let P =[xy + x1&: y1€:1] and Q =[x + ty&: hye: 1]
two points in E; ,(A) then :
P+ Q = [(hyagXo® + y1a0%o® +a1Xe* + y1boxo +
hybgx, + 1%, + x,bg + h by +
b;Xo% + y1by + Xob1)e + boxo? + agxe* +
Xobg: (X1a0bg + a;bgXo? + X1by + agbyxo? +
boXo2X1 + Xoby + y1by + y1a0%e® + tiagby + y1bexo +
boXo%t; + Xo%by)e + Xo2by +
agboxo? + by? + Xoby + ag2x0*: (a1x03 + hyx,2
+ agX;Xo2 + y130%o2 + hyapx,?
+ h;xo3 +
X2ty + box; + y1by + bixg + y1x03 + hibg)e + agx,3
+ x0* + %02 + bgxo]
Lemma4:
Let P =[xy + x1&: yo+y €:1] and Q = [x, +
ty€: hye: 1] two points in E, 1, (A), where yo # 0 Then :
P+ Q = [(apXo?t; + apXg2x; + Xo2y; + hixo? + boty
+t1yo” + box1)e + X0y,
+XoYo?: (Xo?X1Yo + Xo°y1 + ¥1%o°
+ hjapx? + y1a9%2 + hybg
+ agx;Xo% + bty + hyxo3 + byy,
+ h;x0% + a;X¢%y, + box; + y1bg
+apXo’ty +hyyo®)e + agXeyo
+Xo%yo + boYo
+ x93y (xo2x; + hyxg + %02t
+Xo¥1 + X1¥0)€ + XoYo + ¥o°]
Lemmab5:
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Let P =[xy + x1& yo+yi1€: 1] ;Q = [xo +
ti€: yo+hye: 1] two points of E, ,(A),where y, # 0,
then :
P+Q = [(y1%0® + hyaoXe® +y130%o® +a;X,*
+ y;1boxg + h;bgxy + byxo? + y;bg
+ h;b, +
Xoby + X1bo +yo®x; + ¥o3t; + h1yo®Xg + ¥1¥0Xo
+ box1Yo + bot1yo + X1X0%¥o
+ apXo*t1¥0o
+aXy2xX1Y0)E + boxo? + apxe* + Xobg + X03yo
+ X02y02: (boXo2ty + bpXe?xy + Xo2by
+
agbyxo? + a;bgxe? + y1bg + xob; + x1by + y1a0%,3
+ y1boXo + X1a0bg + tyagbg + tyyo®
+
Yob1 + Xo¥o?hy + a;X0%yo + boyoX; + b1yoXe
+ apX1X0%Y0)€ + a0Xo’Yo + ¥o*
+ X0y +
Vobo + Xobg + bp? + agbexe? + ag2xe* + xo2bg
+ boyoXe: (hyxo® + agx;xe% + a;%°3
+
box; + byxg + h1xo? + hjagXe? + y1a20Xe? + X%ty
+y1Xo® +y1bg + hybg + xo%t1y, +
Xo®X1¥o + h1Yo® + y1¥o® + t1¥0%)e + Xo¥,o® + Xo*
+ agXo> + Xo2yo + boXo + X0°]
Lemmaé:
Let P =[xy + x1& Yo+y1€:1]; Q= [ty +
t;€: hg+h;e: 1] two points in E,,(A), where xo # to, Or
yo # hg, then :
P+ Q = [(to%y; + hyxo? + agXo?t; + a;%%t,
+ agx 1ty + a;xoty? + byxo + byt
+ box; + bty + t;0% + x.hp%)e
+ x9%hg + ty2yo + agX2ty + agXoto?
+ boxo + Xoho® + toyo?
+ byt (agXe?ty + beX; + byXg
+ h;x0% + hyagx? + y;bo + hyby
+boty +hyye? +byyo + yiho® +
bihg + Xo*tohy + Xo?tihy + Xoto?y; + X1te2yo + to’yy
+a;X0%hg + agte?y; +aste?y, + by
+a;Xo%ty + agXqto? + a;Xete?)e
+ to2yo + boXo + Xote2yo + Xo2hy
+ xg%tohg + agXe?ty +
agXoto? + boyo + Yoho” + boty + bohg +yo2h,
+ agty?yo + agXeZhy: (xo%t; + ti1hg
+a;%0% +
tohy + X:t0% + ast? + Xoy1 + X1Y0)E + apte? + tohy
+ Y02 + XoYo + X2ty + Xoto? + hy?
+agXo”]
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