
 

Abstract—Let d is a  positive integer. In this article we will 

study the elliptic curve defined over the ring       ;     . 

More precisely we will give many various explicit formulas 

describing the binary operations calculus in        .  
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I. INTRODUCTION 

ET d be an integer, we consider the quotient ring A = 
 

     

    
  where      is the finite field  of order   . Then 

the ring A is identified to the ring        with       

ie: see [1] and [2], A = {    +       |   ;           }. 

 We consider the elliptic curve over the ring A which 

is given by equation:                  
     

where a, b and c are in A and     is invertible in 

A,  but we can take  c = 1; see, [3].  

II. NOTATIONS 

Let a,  b   A  such that b is invertible in A and  c = 1. 

We denote the elliptic curve  over A by         and 

we write: 

        = { [X : Y : Z]         |           
        }. 

If             and       , we also write: 

      
      = { [X : Y : Z]           |        

      
      

 }.   

III. CLASSIFICATION OF ELEMENTS OF          

Let [X :Y :Z]          , where X, Y and Z are in A. 

We  have two cases for Z: 

• Z  invertible: then [X : Y : Z] = [X    : Y    : 1]; 

hence we take  just [X:Y:1].  

• Z non invertible: So  Z =    , see [4], in this cases 

we have tow cases for Y. 

        -     Y invertible: Then  [X : Y : Z] = [X    : 1 : 

Z    ]; so we just take [X : 1 :    ] ; then is verified 

the equation of                            

    , 

so we can write:  

a =        
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b =        

X =        

We have:                          
  

                 
                 

    
Which implies that 

            
     

        
      

Then 

             
     

        
      

Since       is a base of the vector space A over    , 

then       so X =     and                 

hence                : 1 :0]. 

-    Y non invertible: then we have            
          is invertible so we take 
                    thus                
         which is absurd. 

Proposition 1:  

 Every element of         , is of the form          or 

         , where        and  we write: 

         [X:Y:1]      |             

 } {        |      }  [1].  

IV. EXPLICIT FORMULAS 

We consider the canonical projection   defined by:  

                

          

We have   is a morphism of ring. 

* Let    the mapping defined by : 

                   
      

                                             
The mapping    is a surjective homomorphism of groups. 

Theorem1:  

Let                            in          then  

               :  
• If             then : 

                
      

   
  

    
        

            
    

     
   

           
          

  

    
   

        
          

          
    

       
   

      
          

    

      
   

       
             

    

         
      

   
       

   
  

      
           

            
    

       
         

   
  

       
           

      
      

    
       

   
      

       
      

     
           

         
      

       
          

           
    

      
    

• If             then : 

 The sum over       
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Proof:  
 Using the explicit formulas in W.Bosma and H.Lenstras 

article see, [5], we prove the theorem.                

V. MAIN RESULTS 

Let                  

Lemma1:  

Let             and             two points in 

        then:                         
Proof :  

As             , then by applying the formula (1) in 

theorem, we find the result. .                               

The following lemmas may be proved by using the 

explicit formulas in [5, p. 236—238]. 

Lemma 2: 

 Let             and                     two 

points in        , then : 

                 
                 

Lemma3:     

 Let                    and                    
two points in          then : 

            
        

      
         

           
            + 

    
                  

      
  

                   
             

   

    
                    

                
    

      
        

     

      
    

         
   

       
      

 

       
        

        
 

     
   

  
                       

             
 

   
    

        
Lemma4: 

  Let                      and       
            two points in        , where      Then : 

          
        

      
        

      
     

           
   

     
     

        
        

 

       
        

      

       
           

      

     
      

             

     
        

        
   

   
        

   
       

           
   

                    
   

Lemma5: 

 Let                        ;       
                two points of        ,where     , 

then : 

          
        

        
      

 

                   
      

       

            
      

        
        

   

                   
   

     
      

     
            

      
         

   

   
   

       
        

      
   

  

      
        

                       
 

                          
 

  

         
        

                 

       
          

      
 

     
   

            
        

    
   

    
   

              
        

      
 

  

              
        

        
    

   
     

              
       

  
          

      
      

        
    

 

     
    

           
   

Lemma6: 

   Let                        ;       
                two points in         , where      , or 

     , then : 
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