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  Abstract— This paper provides necessary condition of optimality, 
in the form of  maximum principle  for optimal control problems of 
switching systems with constraints. Dynamics of the processes are 
defined  by  the stochastic differential equations with delay in the 
drift and diffusion coefficients.  The restrictions on switches between 
operating mode are described by collection of functional constraints. 

 

I. INTRODUCTION 
HE stochastic differential equations with delay find much 
exhibits in description of the real systems, which in one or 
another degree are subjected to the influence of the 

random noises. Systems with stochastic uncertainties have 
provided a lot of interest for problems of nuclear fission, 
communication systems , self-oscillating systems and etc., 
where the influences of random disturbances can not be 
ignored [1]-[3]. Switching systems consist of several 
subsystems and a switching law indicating the active 
subsystem at each time instantly. Optimization problems for 
switching  systems have attracted a lot of interest. Theoretical 
results  and applications were developed in [4]-[6]. For general 
theory of stochastic switching systems it is referred  to [7] . 
  Therefore problems of optimal control for switching systems, 
described by deterministic and  stochastic differential 
equations with delay, are actual at present [8],[9].    Earlier the 
problems of stochastic optimal control of switching systems 
without delay were considered in [10]-[12]. Stochastic optimal 
control problem of unrestricted switching systems with delay is 
investigated in [13].  
   The present work is devoted to the optimal control problem 
of delayed stochastic switching system with uncontrolled 
diffusion coefficient. It is obtain maximum principle in the 
case when endpoint constraints are imposed. Using Ekeland's 
variational principle  [14], given  problem is convert into the 
sequence  of  unconstrained problems . Due to the  result from 
[13 it is established maximum principle and  transversality 
conditions.  Finally, taking the limit, we   achieve the  
necessary condition of optimality   in the case when endpoint 
constraints are imposed. 
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II. PRELIMINARIES AND STATEMENT OF PROBLEM 

Let rlPF l ,...,1),,,( =Ω  be a probability spaces with 

filtration [ ]{ } ,...,1,,, 1 rltttF ll
l

t =∈ −  , Tttt r =<<<= ...0 10 . 

Assume that r
ttt www ,...,, 21   are independent Wiener processes, 

which generate rltttwF ll
l
q

l
t ,...,1),,( 1 =≤≤= −σ . Let nR  

denotes  the n - dimensional  real vector space and .  

denotes the Euclidean norm in nR . E represents the 

expectation. ( )n
F RbaL l ;,2  denotes  the space of all predictable 

processes  ( )ωtx  such that: ( )∫ +∞<
b

a
t dtxE 2ω . nmR ×  is the 

space of linear transformations from mR  to nR .  Let, 
ll m

l
n

l RQRO ⊂⊂ ,  be open sets and [ ]T,0=Τ  be a finite 
interval. 
Consider the following stochastic  control system with delay: 
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where rlU l ,...,1, =  are non-empty bounded sets.  
Let rll ,...,1, =Λ  be the set of  piecewise continuous functions 

( ) rll ,...,1, =⋅Κ : [ ) llll ONtht ⊂→− −− 11 ,  and  0≥h . 

The problem is concluded to find the control ruuu ,...,, 21  and 
the switching law rttt ,...,, 21  which  minimize the cost 
functional : 
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which is  determined on the decisions of the system (1)- (3), 
which are generated  by all admissible controls 

rUUUU ×××= ...21  at conditions:  
           ( ) GxEq r

t
r

r
∈                   (6) 

G is a  closed convex set in  Rk .  
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Definition 1: The set of functions 

( ) [ ]{ }rlthtttxx ll
lll

t ,...1,,,, 1 =−∈= −π   is said to be a solution 
of the equation with variable structure which corresponds to an 
element r

r Α∈π , if the function l
l
t Ox ∈  on the interval  

[ ]ll tht ,−  satisfies the conditions (2),(3), while on the interval 
[ ]ll tt ,1−  it is absolutely continuous with probability 1  and 
satisfies the equation (1) almost everywhere. 
Definition 2: The element r

r A∈π  is said to be admissible if 

the pairs ( ) [ ] rlthttux ll
l
t

l
t ,...,1,,,, 1 =−∈ −    are the solutions of 

system  (1)-(4) and satisfied the conditions  (6) . 
0
rA  denotes the set of admissible elements. 

Definition 3:  The element 0~
r

r A∈π , is said to be an optimal 
solution of problem (1)-(6) if  there exist  admissible controls  

[ ] rltttu ll
l
t ,...1,,,~

1 =∈ −  and  corresponding solutions 

[ ]{ }rlthttx ll
l
t ,...,1,,,~

1 =−∈ −  of system (1)-(4) with constraints 

(6), and  pairs ( ) rlux l
t

l
t ,...,1,~,~ =   minimize the functional (5). 

Assume  that the following requirements are satisfied: 
I.  Functions rlpfg lll ,...,1,,, =  and their derivatives are 
continuous in ( )tuyx ,,, : 
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III. Functions rlRRx lnl ,...,1,:)( 1 =→ϕ  are continuously 
differentiable and satisfies the following: 
                 )1()()( xNxx l
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in respect to   ( )tx,  : 
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III. METHODS OF SOLUTION 
The following result that is a necessary condition of optimality 
for problem (1)-(5) has been obtained in [6].  

Theorem 1 .  Suppose that assumptions I-IV hold, 
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Then ,  
a) almost certainly for ,,...1,~ rlUu ll =∈∀  a.e. in ],[  1 ll tt −  the 
maximum principle hold: 

 0),,,,(),~,,,( ≤− θψθψ θθθθθθθ
llllllllll uyxHuyxH   

 b) Following  transversality  conditions hold: 
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Further, by applying Theorem 1 and  Ekeland’s Variational 
Principle it is obtained the necessary condition of optimality 
for stochastic control problem of switching systems with delay 
(1)-(6).  
 
Theorem 2 .  Suppose that,  assumptions I-V 
hold, ),...,,,,...,,,...,,,,...,( 21
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Then ,  
a) almost certainly for ,,...1,~ rlUu ll =∈∀  a.e. in ],[  1 ll tt −  the 
maximum  principle holds: 

 0),,,,(),~,,,( ≤− θψθψ θθθθθθθ
llllllllll uyxHuyxH                     (8) 

 b) following  transversality  condition holds a.c.: 
    b) Following  transversality  conditions hold: 
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where 1....,0 10 ==== raaa  and .0,1.... 10 ==== − rr bbb  
 
 
Proof.  For any natural j let’s introduce the approximating 
functional: 
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Where { }GyJcc ∈≤= ,: 0ε  and 0J  is minimal value of the 

functional in the problem (1)-(5).  Let ),...,( 1 rVV≡V , here 

),( dUV kk ≡  be space of controls obtained by means of the 
following  metric: 

( ) ( ) [ ]{ }k
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It is easy to prove the following fact: 
Lemma 1. Assume  that conditions I-IV hold,  rlu nl
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the sequence of admissible controls from lV , and nl
tx , be the 

sequence of corresponding trajectories of the system (1)-(3).  
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where l
tx  is  a trajectory corresponding to an admissible 

controls rlul
t ,...,1, = . 

      According to Ekeland’s  variational principle, there are  
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Function ),( vuδ  is determined in the following way: 





≠
=

=
.,1

,0
),(

vu
vu

vuδ  

Then according to the Theorem 1, it is obtained as follows: 

1) there exist the random processes );,( 1
2, l

l
n

llF
jl

t RttL −∈ψ , 

);,( 1
2, ll

l
nn

llF
jl

t RttL ×
−∈β , which are solutions of the following 

system 

( ) ( )
[ )

( ) [ )
( )

( ) ( )













−−=

−=Φ+−=

−∈+−=

=−∈+

+−−=

+

−

−

++++

.

1,...,1,),(

,,,,,,,

,...,1,,,

,,,,,,,,

,,
0

,,
0

,
1

,,,,,,
1

,

,,,,,,,,,

1

jr
t

r
x

j
r

jr
t

r
x

jr
t

l
jl

t
l
x

l
t

jl
t

l
x

jjl
t

llt
jl

t
jl

t
jl

t
jl

t
jl

t
l
x

jl
t

llt
jl

t

jl
ht

jl
ht

jl
ht

jl
ht

l
y

jl
t

jl
t

jl
t

jl
t

l
x

jl
t

rrr

llll

xqx

rltxx

thttdwdttuyxHd

rlhtttdw

dthtuyxHdttuyxHd

λϕλψ

ψϕλψ

βψψ

β

ψψψ

     

                                                                                                                  

(11) 

where non-zero 1
10 ),...,,( +∈ rj

r
jj Rλλλ  meet the following 

requirement: 

( ) 0,,, /),,(/1
1

j

t

t

jl
t

jl
t

ljl
t

l
l

j
l JdttuxpExEjc

l

l

l 












+++−= ∫

−

ϕλ  

( ) 0, / j
jr

t
rj

r JxEq
r

=λ

2
2

1

0 )(),,()(/1
1

r
t

r
t

t

l
t

l
t

l
t

l
l

r

l
j r

l

l

l
xEqydttuxpxEjcJ −+












+−−= ∫∑

−
=

ϕ

        

2)  almost certainly for any ll Uu ∈~  and [ ]ll ttt , a.e. 1−∈  is 
satisfied: 

( ) ( )  0,,,,,~,,, ,,,,,,, ≤− tuyxHtuyxH jl
t

jl
t

jl
t

jl
t

ll
t

jl
t

jl
t

jl
t

l ψψ   (12)   

  3) the following transversality  conditions hold: 
( ) ( )

( )( ) ( ) rltxbtutKxgb

tuyxgbtuyxga

l
jl

t
l
tll

jl
tl

jljl
t

ljl
htl

l
jl

t
jl

t
jl

t
ljl

tll
jl

t
jl

t
jl

t
ljl

tl

llll

llllllll

,...,1,0,0,,,,

,,,,,,
,,,,1,1

,,,1,1,,,,

==Φ−

++−
++

+

++

ψ

ψψ
  

(13). 
Since the following exists 1),...,,( 10 =j

r
jj λλλ , then according 

to conditions I-IV it is implied  that  
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Let us introduce the following result which will be needed in 

the future. 

Lemma 2. Let l
tl

ψ  be a solution of system (7), and j,l
tl

ψ  be a 

solution of system (11).    Then 
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Due to assumptions I-IV and using simple transformations, the 
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following   is obtained:  

.||||

||||

2,2,

2,2,2,

l
ht

jl
ht

ht

s

l
t

jl
t

ht

s

l
t

jl
t

l
s

jl
s

l
t

jl
t

ht

s

ll

l

ll

EdtEN

dtENEdtE

−−

−

−−

−+−+

+−≤−+−

∫

∫∫

ψψββε

ψψψψββ
                         

Hence, according to Gronwall inequality, the following result is 

achieved: 
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where constant D is determined as follows: 
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Lemma 2 is proved. 

It follows from Lemma 2   that it can be  proceeded  to the 

limit in system (11) and the fulfilments of (7) are obtained. 

Following the similar scheme by taking limit in (12) and (13) it 

is proved that (8), (9) are true. Theorem 2 is proved. 

IV. CONCLUSION 
It is obtained  a necessary condition of  optimality for 
stochastic control problem of switching systems with delay on 
state. Necessary conditions satisfied by an optimal solution , 
play an important role for investigation  of optimal control 
problems. The result can be used in various optimal control 
problems of biological, technical and economic systems. The 
necessary conditions developed in this study can be viewed as 
a stochastic analogues of the problems formulated in ([4]-[6]). 
However, Theorem 2 is a natural evolution of the results given 
in [10]-[13]. 
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