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Abstract— This paper provides necessary condition of optimality,
in the form of maximum principle for optimal control problems of
switching systems with constraints. Dynamics of the processes are
defined by the stochastic differential equations with delay in the
drift and diffusion coefficients. The restrictions on switches between
operating mode are described by collection of functional constraints.
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I. INTRODUCTION

HE stochastic differential equations with delay find much

exhibits in description of the real systems, which in one or

another degree are subjected to the influence of the
random noises. Systems with stochastic uncertainties have
provided a lot of interest for problems of nuclear fission,
communication systems , self-oscillating systems and etc.,
where the influences of random disturbances can not be
ignored [1]-[3]. Switching systems consist of severd
subsystems and a switching law indicating the active
subsystem at each time instantly. Optimization problems for
switching systems have attracted a lot of interest. Theoretical
results and applications were developed in [4]-[6]. For general
theory of stochastic switching systemsit isreferred to[7] .

Therefore problems of optimal control for switching systems,
described by deterministic and stochastic differential
equations with delay, are actual at present [8],[9]. Earlier the
problems of stochastic optimal control of switching systems
without delay were considered in [10]-[12]. Stochastic optimal
control problem of unrestricted switching systems with delay is
investigated in [13].

The present work is devoted to the optimal control problem
of delayed stochastic switching system with uncontrolled
diffusion coefficient. It is obtain maximum principle in the
case when endpoint constraints are imposed. Using Ekeland's
variationa principle [14], given problem s convert into the
sequence of unconstrained problems . Due to the result from
[13 it is established maximum principle and transversality
conditions. Finally, taking the limit, we achieve the
necessary condition of optimality in the case when endpoint
constraints are imposed.
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[1. PRELIMINARIES AND STATEMENT OF PROBLEM

Let (Q,F',P),l=1..r be a probability spaces with
filtration {F/,teft ,t} =11}, O=ty<t<..<t =T.
Assume that W, wg,...,wf are independent Wiener processes,
which generate F' = (W,,t_<t<t), I=1..r. Let R
denotes the n - dimensional real vector space and |.|
denotes the Euclidean norm in R". E represents the
expectation. LZF‘ (a,b; R”) denotes the space of al predictable

b
processes  x (@) such that: E“Xt(a)lzdt<+oo. R™" is the

space of linear transformations from R™ to R". Let,
O cR",Q cR™ be open sets and T=[0,T] be a finite
interval.

Consider the following stochastic control system with delay:

0 = g' (4ot thit+ 1 (k%) te 60t @
Xt =K"(t),teft, —ht) 1 =0L...,r -1, )
X =@ (Xt ), 1 =1r =1 X = x,, 3)
W()e 2ot R)u () U <R (8)

where U', | =1,...,r are non-empty bounded sets.

Let A,,I =1,...,r bethesetof piecewise continuous functions
K'(),1=2...r: [t_,—ht_)> N, =Q ad h>0.

The problem is concluded to find the control u*,u?,...,u" and
the switching law t,,t,,...,t, which minimize the cost
functional :

u el =

r )
W=y E[w' (< )+ [ ,t)dt] (5)
1=1 t
which is determined on the decisions of the system (1)- (3),
which are generated by all admissible controls

U =U*xU?%x...xU" at conditions;
Eq'(x e G (6)
Gisa closed convex setin R¢.
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Consider the sets: A =T x [ JO, x[JA; x[JU' with the
j=1 j=1 j=1
elements

7= (ot O e X, Ko, KU

tu?.uh).

Definition 1: The set of functions

{xt' =X (t,;z' Jtelt —ht]l :L...r} issaid to be asolution
of the equation with variable structure which corresponds to an
element 7" € A, , if thefunction x| € O, ontheinterval

[t, - h,t,] satisfies the conditions (2),(3), while on theiinterval
[t,_,.t, ] it is absolutely continuous with probability 1 and
satisfies the equation (1) almost everywhere.

Definition 2: The element 7" € A is said to be admissible if
the pairs (x‘I ul ),t elt,-ht]l=1 are the solutions of
system (1)-(4) and satisfied the conditions (6) .

A denotes the set of admissible elements.

Definition 3: The element 7" € A’, is said to be an optimal
solution of problem (1)-(6) if there exist admissible controls
g telt 4]l =1..r and corresponding  solutions
{Z’ telt ., -htll =l...,r} of system (1)-(4) with constraints
(6), and pairs(Z',Ut' ),I =1,...,r minimizethe functional (5).
Assume that the following requirements are satisfied:

I. Functions g', f', p', | =1,...,r and their derivatives are

continuous in (X, Y, u,t) :

g'(x,y,u,t):Q xQ xQ xT - R"

(% y,1):Qx0QxT >R p'(x,ut):0xQ xT >R
Il. When (t,u) arefixed, functions g', f', p', | =1,r hold
the conditions:

(l+|x|+|y|fq (% y,u, tj

+|gi(x, y,u,t]+|g'y(x, y,u,tj+
|f x,y,tj+ fx(x,y,tj+|f; X, y,tﬂ+|p‘(x,u,tj+ p'x(x,u,tj)s N.
I1I. Functions ¢'(x): R* - R, =1,...,r are continuously
differentiable and satisfies the following:
' (9] + [ (9] < N+ [x)
IV Functions @'(x,t):R"xT— Rl =1,...,
continuoudly differentiablein respectto  (x,t):
|q>' (x.t )|+|CD'X(x,t|)| < N(L+[X) .

r-1are

V. Functions g'(Xx): R™ — R are continuously differentiable
inrespectto  (x,t) :

o (0] +[or 09| < N(@+[x)

The following result that is a necessary condition of optimality
for problem (1)-(5) has been obtained in [6].

METHODS OF SOLUTION
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Theorem 1. Suppose that assumptions -1V hold,
7" =ty b, X X, Ky, KLU, u") IS @N Optimal solution

of problem (1)-(5) and random processes

(i, B) e Lt b RY)x L2, (4,1, RV™) are the solutions

of the following adjoint equations:

dy! =—[HL! X YU 0+ HY (XX U D
+plaw, t, <t<t —h,

dyy =—H, (i, %, Yo, b, dt+ gldw, t

vy =—0, (%) +v, P (x4), I =1..r -1,

v =—9"(X).

-h <t<t,

Then,
a) amost certainly for vi' eU',I =1..r, ae.in [t_,t] the
maximum principle hold:
H' Wy, X Yo, 0',0) = H' (4, %;, Yy, Uy, 0) <O
b) Following trana/ergality conditions hoId'

—awlg (X, v Ut by e (X v U )+

hl//tllt-:hg“l( Ut,1 I)_hq)i(xt,'tl)zo! I=01,...r
Here
H'(y/t,xt,yt,ut,t):y/tg'(xt,yt,ut,t)+ﬁtf'(x[,yt,t)

- pl(xﬂut't)’ te[t|71,t|],

Yi=X,,8=0a=..=a =1and
by=...=b_,;=1b =0.

K'(t)

Further, by applying Theorem 1 and Ekeland’s Variationa
Principleit is obtained the necessary condition of optimality
for stochastic control problem of switching systems with delay

(D)-(8).

Theorem 2. Suppose that, assumptions |-V

hold, 7" = (ty,e t, , X X 1oy X, Ky, K US UZ L UT) iS@
optimal solution of problem (1)-(6) and random processes
(i, B) e L2t RY)x L2 (t .t RM™) arethe solutions of
the following adjoint equations:

At =—[HL0 X U0+ H (o XX U D B

+plaw, t, <t<t —h,
dy; =—H, (i, %, Yo, u Ddt+ g, t,—h<t<t,  (7)
vy = =A0(4) + iy Q0% 1), 1 =1, -1

v, ==Ap (X)) = A (X))

Then,

a) amost certainly for vd' eU',I =1..r, ae.in [t_,t] the
maximum principle holds:

H' (), %, Y5, 0'.0) = H' (7}, %y, YUy, 6) <O
b) following transversality condition holdsa.c.:
b) Following transversality conditions hold:

®)
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1+1 I+l(

-ay, g I(X':'ytl"utl )+ht// X VoWt )
by e (X K (Ut )-bl(x 4 )=0, 1=0L...r

(9)

where a,=0,3, =....

=a =land by=...=b_,=1Db =0.

Proof. For any natural | let’sintroduce the approximating
functional:

-SE e

r
mln
C (=>4 \/;

Where ¢ = {c: c< J°,yeG} and J° isminimal value of the
functional in the problem (1)-(5). Let V =(V*',...,V"), here
V¥ =(U*,d) bespace of controls obtained by means of the
following metric:

AU V) =( ®P){t.0)et ot JxQ:vE = ut].

It is easy to prove the following fact:

Lemma 1. Assume that conditions I-1V hold, ut"",l =1...,

4

Efp'(X,u ,t)dt} Eq' (x;)) =

tI -1

2

G

¢, ~1/j- E{(p' (4)+ [ PO Ul ek

the sequence of admissible controlsfrom V', and x" be the
sequence of corresponding trajectories of the system (1)-(3).

If the following conditionismet: d(u",u/) > 0.

Then

Iim{ sup E[x" —)d|2} -
N | ¢ <t<t,

! is atrajectory corresponding to an admissible

where x,

controls u; ,I =1,...,r .

According to Ekeland’s variational principle, there are
controls such as; ! :d(ut"",ut')s\/g_} and for vu eV' the
following is achieved:

_ r _ 1
I, (u))< Ij(u)+|z\/gd(u"‘,u'), € :T.
=1
This inequality means that
(tOit]_i ,r,X[ " 7X[J K]_i !K utl]y 1
the following problem:

3, uy=1,(u’ )+Z\/>Ef5(u ul)dt — min

b

dx = g' (..U tdt+ F1Og, Y tdw, te ]

u') isasolution of

(10)

X =K"t)telt —ht) 1 =0L...,r -1,
K= @ (Xt ) 1=Lr

X, = X,

u eU}
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Function &(u,v) isdetermined in the following way:
Ou=v

o(u,v) =
v {Lu:&v.
Then according to the Theorem 1, it is obtained as follows:

1) there exist the random processes y! e L, (t,;,t;R"),

B e l? (t_.,t;R™™) , which are solutions of the following

system
dp!d = —HL X0,y uld = HY s, X, yid, uld e+ ht
+pMaw,, telt ,t, —h), [=1..r
dy = —H (X, y Ul e+ Bldw,, telt, - hit,),

vl =<2l (0 ! @l ), 1 =1 -1

= Al T)- 2l x ).

(11)
where non-zero (1,11 ,...,4)) e R™" meet the following

requirement:

[

—Eq (x)/3°

11
G +1/j+Eg! (X1 )+ E [ p' (0} ,t)dt]/J?

i

2

+ly—Eq ()]

1= >

1=1

[ p(x, ut,t)dt]

\ 1

q-Uj- {¢(>§)+

2) almost certainly forany G' eU' and ae telt, .t ] is

satisfied:

H'(:,z/t‘,xt A ,ut,) H (z//t‘,xt A t"j,t)so (12)
3) the following transversality conditions hold:

A R TR R VAN TR
h‘/’tl,:lhjgm( L KU() :"J’tl)_qq)i( I,J’t|):01 I=0L...r
(13).

Since the following exists |(/1j ﬂj‘ﬂﬂ)| =1, then according
to conditions I-1V itisimplied that

(A, s ) = (Ao, Ao A, ) i

Let usintroduce the following result which will be needed in

j > .

the future.
Lemma 2. Let \p'tl be a solution of system (7), and \y'tl‘j bea

solution of system (11). Then
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t ‘ t . _
E[ly? —yi P at+E (|8 - B P dt >0, if

i fig
du'’,u) =0, j>o.

Proof: Itisclear that Vtelt ,,t],1=1...,r -1:

dlyt? =yt )=—[Hilpt oy )= o v e
+ (8- p Jw
According to Ito formula, for Vse[t, —h,t] it issatisfied:

Elyy —v, [ -Elys —y. =

2Tt TG (07,3200 g (v O+
gy (% Yo U D —w) + (R0 v ) = £ v D) A
- 00U ) + POk W, Bt + E‘jrl/z"‘ - B P dt.

Due to assumptions I-1V and using simple transformations, the

following is obtained:
Y 11
E[18/1-p P dt+Elyy’ —yplP<EN[ly? -y F dt+
Fool g Li 2

+ENe[| 1 - B F ot + Bl —yr,|

Hence, according to Gronwall inequality [3] it suggests that:
Elyl —yl P<De"™® aein [t,—ht]

(14)

where constant D is determined in the way below:

D=Ely,’ -w, [

According to (7) and (11), it is obtained that: ;! -y, ,

which leadsto D — 0. Consequently, from (14) it follows:

‘//ls’j _”//ls in LZFI (t —=ht;R") and ﬂéj ﬁﬁ;

inLZ (t —ht;RY™).

Then, Vtelt .t —h),l =1...,r from the expression:

Al —pt )= HL X ) vl e
= H ol X, YUt h)= Lt X Y U t+

(Bl = B g
using simple transformations , in view of assumptions|-1V the

following isobtained:
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t-h . ) t-h ) )
E[IA -4 P ot+Elyy! —y i P<EN [ o —yi| o+
S S
t-h ) ‘
+ENz [I 8= B P dt+E iy —wi [
S

Hence, according to Gronwall inequality, the following result is

achieved:

Elyl -yl P<De""™® aein [t .t —h)
where constant D is determined as follows:
D=E|y,’, -, _, [, which leadsto D —0.
Itisinferred that y' — ! inL2 (t_,,t;RY)and g0 — B in
L2 (4.t RY™) .
Lemma 2 is proved.
It followsfrom Lemma?2 that it can be proceeded to the
[imit in system (11) and the fulfilments of (7) are obtained.
Following the similar scheme by taking limit in (12) and (13) it
isproved that (8), (9) are true. Theorem 2 is proved.

IV. CONCLUSION

It isobtained anecessary condition of optimality for
stochastic control problem of switching systems with delay on
state. Necessary conditions satisfied by an optimal solution,
play an important role for investigation of optimal control
problems. The result can be used in various optimal control
problems of biological, technical and economic systems. The
necessary conditions developed in this study can be viewed as
a stochastic analogues of the problems formulated in ([4]-[6]).
However, Theorem 2 is a natural evolution of the results given
in[10]-[13].
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