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Gaussian type differential equation

Conny Adams, Tshidiso Masebe, Jacob Manale

Abstract—Lie point symmetries and a new approach utilizing
Euler’s type formulas for the solution of second order ordinary
linear differential equations are applied to determine symmetries
for a differential equation derived from a Gaussian function
whose antiderivate cannot be expressed in closed form. The
effectiveness of the approach is tested by constructing invariant
solutions of the symmetries if any.

Index Terms—Gaussian function, invariant solution, partial
differential equation, point symmetries.

I. INTRODUCTION

HE Gaussian function

o0 2
/ e " dx
0

is classified as an integral whose antiderivative cannot be
expressed in closed form (i.e. cannot be expressed analytically
in terms of a finite number of certain well known functions)
[4].

The current undertaking seeks to determine the solution of
its derived differential equation using Lie Symmetry method.
Lie Symmetry method is a mathematical theory that synthe-
sizes symmetry of differential equation [2].

In order to apply Lie Symmetry method to the Gaussian type
function, we need to first present it as a differential equation
by substituting

(1

a=t,
and letting
u = / et dg 2)
0
resulting in
Uy = —otze~te’, 3)

If we differentiate equation (3) with respect to ¢ then the
resulting partial differential equation becomes

1 2

“4)

Equation (4) is a partial differential equation with independent
variables ¢ and x, and differential variable w.

C.M. Adams is with the Department of Mathematics, University of South
Africa, Pretoria, 0001, RSA e-mail: connieadams@webmail.co.za

T.P. Masebe is with the Department of Mathematics,Science and Tech-
nology Education, Tshwane University of Technology, Pretoria, 0001, RSA
e-mail: masebetp@tut.ac.za.

J.M. Manale is with the Department of Mathematical Sciences, University
of South Africa, Pretoria, 0001 RSA (phone: +27-11-670-9172; fax: +27-11-
670-9171; e-mail: Manaljm@unisa.ac.za

Manuscript received December 13, 2013;

ISBN: 978-1-61804-219-4

28

II. SOLUTION OF DETERMINING EQUATION

The infinitesimal generator for point symmetry admitted by
equation (4) is of the form

0
+ 77(t7 X ) .

X=eta)l 20l

5

ot ox ou )
Its first and second prolongations are given by
0 0

x® = x n_“ (2) 6

where X is defined by equation (5). The invariance condition
for (4) is given by

1
X(Q)(um e + 2?uy)|

P _1/ P =
Uty =3 Uz — T2 Uy

1 1
(i) — 0 + 5 €us + 206D ug + M)y, 4, o, =0

t
(7
We define the following from ([1],[2])
n=futg
nt(l) =g+ fru+[f — & up — Eug
" = go + fout [f — Elus — Euy ®)

(2)

Nige” = Gtz + ftzu + [ft - ffx]ul’ + [fm - ftlx]ut

+ ufa:[f - gtl - 53] - Efzuacx - f;utt
The substitutions of r]g(cl) and nt(i)
(7) yield the determining equation

in the invariance condition

Gtz + ftwu + [ft - E?x]uI + [fw - Etla:]ut + (%ux - $2Um)[f - ftl

£

1 1 1 1 1
— &gy — 79~ ?fwu - ;ux[f - &)+ ;Utfi + ﬁflux — &ouyy
+ 228%u, + 229, + 22 fou + 22u, [f— 52] - z2§;ut =0

€))

We set the coefficients of g, Uy, Us, Uy, w and those free of
these variables to zero. We thus have the following defining
equations

Ugy & =0, (10)
up & =0, (11)
Ut fIZO, (12)
1 1
wp i fe— &+ 58+ 208+ =0, (13)
u : fip =0, (14)
1
(T gnggx—a:zgx. (15)

We differentiate defining equation (13) with respect to ¢ and
apply equation (10) to obtain the equation

Jee — (%gtl)t + (lil)t + 2%, =0

n (16)

2
T
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The derivative of equation (16) with respect to x and the
application of equations (11) and (12) result in that

2$§tlt =0
whence

& =0 (17)

Thus we have that

=at+b (18)

which can be expressed using Euler formula with infinitesimal
w as

a sin(9t) +bg cos(4t)
—iw

6 = sin(%)

We differentiate equation (19) with respect to ¢ and obtain
expressions for &}, and &},

£ =

where

(19)
and a = a(x),b=b(z).

& =a cos(%_t) — b sin(w?t), (20)
- . t t
gh=—asin(*) == bé cos(5), @D

Similarly we differentiate defining equation (13) with respect
to x and obtain

(3762):70 = _mgtl

We integrate equation (22) with respect to = and simplify to
obtain the expression for £2, given as

(22)

1
£ = —§m§§ + A (23)
which translate to
1 t 1 t
& =—-ax cos(w—,) + —bxg sin(wf) +A. (249
2 ) 2 1
The equation (16) imply that
1,4 L, 241
fu = (zft)t - (ZE )t —z°&y
which translate to
t b t t
fu= —% sin(%) — %(b COS(%) — t%cos(%)
b t t b t
+ —f sin(w—,) . cos(w—,) + b sin(w—,)
t 7 1 ) (25)
a . (wt) b Os(wt)+ax2w . (wt)
— —— sin(—) — —— — in(—
it2w 7 it2w i ) 7
box? t
+ ¢SE_ “ COS(W—.)
1 )

The integration of equation (25) results in the expression for
ft and f given as

a wt b, . wt ai wt
fi= n 605(7) - Er,zb SIH(T) — Esm(—)
big wt ia wt ibo wt
o ) T ) T )
a wt bo t 9
+ o (=) — g n(—) — azx® cos(—)

wt
+ bpx? sin(—)
i
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and
ai . wt ib wt a wt
= s+ 5@ o8l = o cos()
bp . wt a .  wt ibp . wit
+ WoTE sin( ; ) — o sin( ; ) — i sin( . ) o
N ia . (wt)+ ibo (wt) iax? . (wt)
in(— os(—) — sin(—
w3t2 i w3t2 i w 1
biga? t
_ bz cos(w—_) + B
i

respectively. From the defining equation (11) we have that
e = a sin(4t) + be cos(h)
This result in that
a=0 and b=0
Hence a=C7 and b= Cy

=0 (28)

—ww

(29)

The defining equation (12) f, = 0 imply that the last terms
of fi.e.
iax?

wt bigx?
-2

7 w

wt

os( .

sin( )=0 (30)
A. Infinitesimals

The linearly independent solutions of the defining equations
(10) to (15) result in the infinitesimals

g =) e () (1)
iw iw
£ = —%xC’l cos(wT,t) + %ﬂﬁcz Sin(%t) +4 (32)
f= @ Sin(%t) + %qﬁ cos(%t) — WC;;Q cos(wT,t)
+ 522:; Sin(%t) - % 51n(w7t) — Z(tji(b ln(wT.t) (33)

B. Symmetries

The Symmetries according to infinitesimals (31) to (33) are:

o 1 w0
VT e ot 20N e
v . wt 1 wt
{+ o sm(T) 2 cos(—) (34
1 . wt ) t 0
oz ) e () e,
cos(¥H)9 1 . wt 0
Xo= =0 " g T 370555,
¢ . wt
{+ o? cos(—) + T 5111(7) (35)
o) wt i t 0
g )T g s}y,
0
X3 = 92 (36)
0
X4 = u% 37
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The function g(¢, z) could not be determined and thus lead to
an infinite symmetry generator
Xoo

(38)

= g(t’ x)ui

ou
ITI. INVARIANT SOLUTIONS
A. Invariant solution through the symmetry Xo

We consider the symmetry given by equation (32). The invari-
ants are determined from solving the equation

cos(4)ar 1 wt, 01
Xol = —
2 ¢ iw Ot + zsin(=- )61"
i wt ¢ . wt
{+ Egb COS(T) t SID(T) (39)
i . wt i wt ol
e SIH(T) + i COS(T)}U% =0
The characteristic equation of (39) is given by
ot _ dx _
¢COS_(“’T'5) B sxpsin(4h)
du
u{=¢ cos(4l) + fﬁ sin(<) — % sin(“%) + w;ziz cos(<t)}
(40)
From equation (40) we have that
dt d
T )
¢C05i£)7) sr¢sin(<)
simplifies to )
—dxr = —wi tan( )dt (42)
x
The solution to equation (42) is given by
t
C’—|—21nx=—lncos\(w—_)\ (43)
i
which result in that the first invariant is given by
4
C, = 22 cos(w—,) (44)
i
Also from equation (40) we have that
wt ¢ . wt
_ ¢cos( ){ ) cos( )+ o SIH(T)
i . wt (10) wit 45
= sin(=) + g cos()} (45)
du

T u
We simplify left hand side of equation (45) by multiplying

through by cos(“’t)’ and for smaller value of w we have the
approximation
1 1 1 du
dt{- — = —}=—
{ t t2 + t2 } U
Hence the equation becomes
dt d
@_a (46)
t U
The solution to equation (46) is
2= (47
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Since C is independent of u, every invariant solution is of
the form

t
. F(2? cos(i)) (48)
i
or equivalently
t
u = tF(a? cos(“)) (49)
Differentiating equation (49) we obtain
t
uy = 2xtF’ cos(w—,) (50)
i
t t 2t
wa = 20 cos() 22— sin
1 /3 7 i ;

We substitute for equations (50) and (51) in equation (4) and
obtain

t t 2wt
2z F’ cos(w—_) - thg_F' Sin(w_ )—x t YR si (ﬁ)
(3 (3 wh (3 (52)
— 2z F’ cos( ) + 223t F’ cos( )=0
1 1
If we let w — 0 equation (52) simplifies to
20°tF =0
or
F'=0 (53)
Hence
F=A (54
The solution is given by
u=At (55)
where A is a constant.
B. Invariant solution through the symmetry X,
We consider the symmetry given by equation (31). The
invariants are determined from solving the equation
sin(<t) o1 1 wt, Ol
XiI=-— - -
! w Ot 2xcos( )896
1. wt 1 wt
{ + a Sln(T) — W COS(T) (56)
1wt i wt. .y OI
o S F )by, =
The characteristic equation of (56) is given by
a dx
o sin(“’Tt) - _1 (Wt
. 5T cos( %)
du
u{— sin(9) — 3 cos(“t) — —L sin(%) + —i> sin(#)}
(57
From equation (57) we have that
dt d
~ gy = il — (58)
Smw ) —iwcos(¥)
simplifies to
2 t
Z dx = wi cot(“2)dt (59)

x 7
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The solution to equation (59) is given by
t
A+21nx:—lnsin|(w7)\ (60)

which result in that the first invariant is given by

t
Ay =2 sin(w—,) (61)
1
Also from equation (57) we have that
dt i . wt 1 wt
() e )~ G ()
1 wt ) wt
— — sin(= in(=~ 62
w2t sin i )+ w3t? sin i ) ©
_ du
o

We simplify left hand side of equation (62) by multiplying

through by - (m), and for smaller value of w we have the
appr0x1mat10n
1 1 1 du
dt{-— = -0+5}=—
{ t 2 * t2} U
Hence the equation becomes
dt d
z=-z (63)
4 U
The solution to equation (63) is
S =4 (64)

Since A; is independent of w, every invariant solution is of
the form

4
Y= F(a? sm(“; ) (65)
or equivalently
2 wt
u=tF(x”sin(— ; ) (66)
Differentiating equation (66) we obtain
t
° = 20tF’ sln(%) (67)
, wt
Ugy = 20 F’ sm( ) + 2:ct —F' cos(—)
‘ (68)

2 t
U P 2 sin(—_)
i i
We substitute for equations (67) and (68) in equation (4) and
obtain

n(2h)

2z F’ sm(
L(69)

)—I—th F’cos( )+x3t F"si

t
— 2z F’ sm( )+ 2x3tF’ sm(w )=0
i

If we let w — 0 in equation (69) we get no solution.

C. Invariant solution through the symmetry X3

The invariant solution through symmetry X3 = 8% yields
that

w=H() (70)

where H(t) denotes some function of ¢, consistent with
equation (71)
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D. Conclusion

The approach produced symmetries which provided a linear
invariant solutions. This is consistent with the result in [4] that

o . 1
/ e_t”?dac:\/?, t>0
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