
 

 

  

Abstract— Stochastic Response Surface Methodology (SRSM) is 
very well known as a tool for modeling uncertainty in simulation 

models, mainly in the context of Risk Analysis.  Developments on 

SRSM were remarkable over the past few years, mainly due to the 

technological advances and new powerful tools in what concerns 

hardware and software. It has also been possible to extend and 

explore this methodology in many areas and to state its importance in 

studies connected with Health problems, more specifically in 

Medicine revealing to be crucial on helping specialists to attain better 

and accurate Diagnosis and Prognosis. In recent papers, see [4], [5] 

and [34], [35], the authors paid attention to the application and 

behavior of the methodology when applied to a sample with censored 

data. In this work the authors present an extension of previous 

research involving the analysis of the whole available data contained 

in Wisconsin Prognostic Breast Cancer database. Uncensored data 

and right censored together data will be studied in order to compare 

both censored/uncensored results and to attain more realistic results. 

The aim is to provide more appropriate models to prediction and to 

risk analysis, since the models obtained with uncensored data suffer 

from a right bias. Computational results and graphics were 

implemented using R software. 

 

Keywords— Breast Cancer Prognosis, Polynomial Chaos, Risk 
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I. INTRODUCTION 

n this paper we review Stochastic Response Surface 

Methodology as a tool for modeling uncertainty in the 

context of Risk Analysis, specifically in healthcare. An 

application in the survival analysis in the breast cancer 

context, with noncensored and censored data, is implemented 

with R software. 

Uncertaity quantification on Risk Analysis has a crucial 

relevance, particularly in complex dynamical systems. 

Stochastic process variability and epistemic uncertainty state 

uncertainty quantification as a prerequisite on probabilistic 

risk assessment, either in experimental data or in model 

parameters. Thanks to the recent technological advances, 

simulation techniques became current to estimate models 

allowing to predict systems’ behaviors, with respect to the 

probability of occurrence of a specific event and the 

consequences of this occurrence.  

Probabilistic uncertainty quantification demand numerical 

simulation whose computational costs are often very high, 

thus the use of metamodels arises as a pressing necessity. The 

 
 

Response Surface Methodology (RSM) is known to be a 

suitable tool for the quantification of uncertainty. Stochastic 

Response Surface Methodology (SRSM) was developed as a 

conceptual extension of the traditional RSM, to approximate 

model inputs and outputs in terms of random variables, such 

as standard normal variables, by a polynomial chaos 

expansion.  

The objective of the methodology is to reduce the number of 

model simulations required for adequate estimation of 

uncertainty, as compared to conventional Monte Carlo 

methods. The use of metamodel in conjunction with Monte 

Carlo method allows a faster estimation of the response 

system CDF that characterize the uncertainty propagation on 

the model. The importance of such methodology is very well 

known, mainly in the survival analysis context, so we will 

review it in the next section. 

II. THE STOCHASTIC RESPONSE SURFACE METHODOLOGY – 
EXPANSION INTO POLYNOMIAL CHAOS 

Monte Carlo method is the most popular one to probabilistic 

quantification of covariate uncertainty propagation in the 

system response and to estimate its probability distribution. 

However, this may have very high computational costs and it 

is necessary to rely on methodologies that converge more 

quickly to the solution. 

The SRSM allows the generation of a metamodel, 

computationally less demanding and statistically equivalent to 

the complete numerical model, which can be used to 

implement sensitivity analysis. It is needed a limited number 

of simulations of the complete model to get the response of the 

system for the model coefficients estimation. Reference [32] 

introduce this methodology and present two case studies. The 

basic idea of the methodology is to represent the response of a 

model to changes in covariate, using a response surface 

defined with a polynomial basis that is orthogonal with respect 

to a probability measure on the space of parameters. The 

SRSM lies on the assumption that the random variables, 

whose probability density functions are square integrable, can 

be approximated by the expansion in stochastic series of  

random variables or direct transformation of these, see [26]  

for details. 

In the last years SRSM was subject to important 

developments that release of assumptions that are not always 

realistic. The arbitrary and data-driven approaches of the 

methodology are important examples of these developments. 

In the classic version, a vector of random variables ξ=(ξi), 
� = 1, . . , �, is selected, under ��0,1
 distribution, representing 
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uncertain variables of a model in such way that �� = ℎ(ξi).  
After this selection, response variables are represented as a 

function of the same vector of random variables: � = ���, ξ),  
being � a vector of coefficients to estimate. The response of 

the system model to the various achievements of ξ, allows the 
estimation of model coefficients. The coefficients �� quantify 

the dependence of the response � on the input vector ξ, for 
each realization of �. 

Consider Ψ�  polynomials which form a base of orthogonal 

polynomials to a given probability measure. The form of the 

function � result of the polynomials chaos expansion is 
expressed by:  

( ) ( )∑ ∑∑ ∞
= =

∞
= +Ψ+Ψ+Ψ=

==

11
1
12 2122111 11100 ...,

,(

i
i
i iiiii ii ccc

cfY

ξξξ

ξ
 

This series is approximate by a truncated polynomial in n-th 

power. The roots of the polynomial of � + 1 degree can be 

used in the simulation model in order to get the data to 

estimate the model coefficients.   

The methodology is implemented sequentially as follows: (i) 

representation of uncertain input variables; (ii) representation 

of the response variable; (iii) estimation of the model 

parameters; (iv) calculation of the response statistical 

properties; (v) evaluation of the model answers 

approximation. 

The following algorithm illustrates the application of the 

methodology. 

 

Fig. 1: Schematic depiction of the Stochastic Response Surface 

Method 

In the classical approach the measure is the Gaussian and 

the polynomials are the Hermite polynomials, which form is 

as follow (see [19] and [24]).  
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Reference [10]–[13] showed that it is possible to obtain a 

better approximation of the response variables using non-

Gaussian expansions in polynomials chaos. In this case, the 

Hermite polynomials are replaced by orthogonal polynomials 

with respect to the probability measure of input variables, 

[10]. This approach was designated generalized polynomial 

chaos expansion. Reference [20] presented conditions on the 

probability measures involving the mean square convergence 

of the generalized polynomials chaos expansion.  

Reference [30] proposed a new generalization of the 

methodology, called arbitrary polynomial chaos expansion or 

data-driven chaos expansion. In this new approach, the 

probability distributions and the probability measures are 

arbitrary. Statistical moments are the only source of 

information that is propagated in the stochastic model. 

Probability distributions may be discrete, continuous, or 

continuous discretized, may be specified by analytical way 

(PDF or through CFD), numerically using a histogram or by 

using the raw data. In this approach, all distributions are 

admissible for the input variables of a given model, as long as 

they have in common a finite number of moments. Thus, in 

the case of considering truncated polynomial, there is just the 

need to know a finite number of moments, with no need for 

complete knowledge of the probability density function or 

even its existence, which frees the researcher from the need of 

assumptions that may not always be supported by existing 

data. According to the literature it is known that this expansion 

converges exponentially and faster than the classical 

expansion.   

The estimation of model parameters depends on the model 

complexity, see [33]. In case the model is invertible, the 

parameters can be obtained directly from the input random 

variables ���
���
�

. If the model equations are mathematically 

manipulated, in spite of nonlinearities, then the model 

coefficients can be obtained afterwards, by an appropriate 

norm minimization of residuals, replacing the input random 

variables by the respective transformations in terms of 

Gaussian variables ��0,1
 , known as Galerkin method, for 

details see [33]. When the model equations are difficult to 

manipulate, the coefficients can be estimated by the 

collocation points method. Each set of points is chosen such 

that the model estimates are accurate at these points, given by 

the set of the � resulting linear equations.  

Reference [33] present some methods for parameter 

estimation, all based on the collocation points methods: 

Probabilistic Collocation Method, Efficient Collocation 

Method and Regression Based Method and these authors 

discuss advantages and disadvantages for each method. 

The expansion in polynomials chaos is a simple but 

powerful tool for stochastic modeling. Probability density 

function, probability distribution functions or other statistics 

of interest can be estimated and quickly evaluated via Monte 

Carlo simulation (MCS), once the evaluation of a polynomial 

function is faster than the original equations model evaluation. 
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In the case of risk analysis, to use arbitrary expansion, one 

can directly use a set of large-sized data or probability density 

function of maximum or relative minimum entropy, since, in 

this case, the relevant moments of the polynomial chaos 

expansion are compatible with those of the input variables. 

The bootstrap resampling method may be used to obtain more 

precise estimates of the moments from a reduced set of data 

available, providing a more accurate estimation of the risk 

assessment model. Reference [31] propose such an application 

on calibration models to history matching for ��� storage in 

underground reservoirs. 

III. LITERATURE APPLICATIONS  

The RSM in its various approaches has an important role in 

generating reduced models to replace the simulator complex 

processes requiring a very high number of simulations. 

Applications are diverse and many of them relate to the 

Stochastic Response Surface Methodology for quantification 

of uncertainty, in stochastic processes. 

Reference [32] applied the SRSM to four case studies cover 

a range of applications, both from the perspective of the model 

application (biology, air quality and groundwater) and its 

complexity. 

Reference [6] applied the SRSM to study the role of various 

hydro geologic parameters in the uncertainty assessment of the 

chemical contaminant concentration in groundwater, resulting 

from the nuclear industry, so that one can designing the waste 

disposal facilities and remedial action plans. This study 

provides a program of environmental monitoring in the 

nuclear industry. 

Reference [8] applied the SRSM to analyze the reliability of 

stochastic stability of rock slopes involving correlated non-

normal variables. 

Reference [29] applied the SRSM, based on the expansion of 

arbitrary polynomial chaos, to a problem of contaminant 

transport in 3D heterogeneous aquifer and the risk to human 

health caused by exposure of the population.  

References [27]– [31]  have applied the SRSM, with 

different approaches and combined with other methodologies, 

in various problems relating to the storage of ��� in 

underground geological formations and the associated risks.   

Reference [1] combined subset simulation method with the 

SRSM to perform probabilistic analysis of a shallow strip 

footing. As well as other aspects, they analyzing uncertainty 

propagation of the soil shear strength parameters on the 

ultimate bearing capacity. This problem, that involves the 

computation of the ultimate bearing capacity of a strip footing, 

is presented to demonstrate the efficiency of the proposed 

procedure by comparing the results given by MCS 

methodology applied on Polynomial Chaos Expansion (PCE)  

models and on original deterministic model. 

Reference [14] applied the SRSM in a model of gas injection 

into an incompressible porous media, and showed its 

effectiveness in uncertainty and sensitivity analysis of 

complex numerical models. 

Reference [2] applied the generalized SRSM to assess 

leakage detectability at geologic carbon storage sites under 

parameter uncertainty. They demonstrated how it can be used 

to construct probability maps for assessing the detection of 

anomalies in the coverage of underground geological storage 

formations, in space and time. 

Reference [7] applied the SRSM to estimate the propagation 

of uncertainties in the parameters of the function retention of 

strontium in the human body. 

Reference [9] applied the SRSM to analyze the reliability of 

an underground cavern, associated with deterministic finite 

element methods. More specifically, the SRSM was used to 

perform the probabilistic analysis serviceability performance 

of the cavern. 

SRSM was not yet conveniently explored in applications on 

the field of medicine, despite uncertainty confound the 

understanding of the essential medical facts and how they are 

integrated ([25]. The uncertainty parameters, the heterogeneity 

of the patient and the stochastic uncertainty results are 

increasingly important concepts in models of medical 

decision. [25] and [3] show various methods for analyzing 

uncertainty and the heterogeneity of patients in decision 

models. 

The breast cancer prognosis is markedly heterogeneous, and 

research has often focused on the effect of prognostic factors 

related to the disease, such as the expression of estrogen 

receptors, tumor size and others. Still remains an open 

question of modeling the data recurrence time, the complexity 

of the shape of the hazard function over follow-up period, and 

the identification of factors that may affect it, using a fully 

parametric approach ([16]. 

In the next section we present a study in the prognostic 

breast with uncensored and uncensored data using SRSM.  

IV. APPLICATION IN HUMAN HEALTH: 
CENSORED/UNCENSORED DATA 

SRSM was applied to the Wisconsin Breast Cancer 

Prognostic (WPBC) database which is constituted by data of 

253 patients with breast cancer, who have undergone surgical 

excision of invasive cancer. First, we used only 69 of these 

cases that correspond to the patients that had remission till the 

end of the study. Second, we used all cases, including 184 that 

are right censored because they withdrew from the study or we 

know only the time of the last examination. The database is 

very well described by [36], who are responsible for its design 

and construction. 

We estimated, by regression on sample data, a first and a 

second order polynomial chaos expansion with Hermite 
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polynomials, in which the response variable is the time to 

recur (TTR) and the uncertainty parameters are three of the ten 

available covariates, related with morphological 

characteristics of the nucleus of malignant cells: AREA, 

TEXTURE and SIZE. The first two variables result from the 

average of the measurements in the three nuclei with higher 

values from all nuclei retained in the image. Since there are 

more than 30 cases the normality of covariates was assumed, 

as well as independence once there is a low correlation.  

Different models were simulated with respect to the degree of 

the polynomial and to the number and nature of the included 

covariates. The second order model was used to estimate the 

distribution of the response variable and the resulting survival 

and risk functions.  

The proposed study was implemented by using the R 

program language with survival, fitdistrplus, Hmisc and EQL 

packages. 

The distribution which best fits to TTR data with remission 

was gamma distribution (lower values  of statistics, AIC and 

BIC criteria obtained with gofstat function in PDF than what 

we got with fitdist function, booth from fitdistrplus package). 

A data-frame was constructed containing the variables 

processed in accordance with appropriate transformation to a 

normal distribution: �� = �� + ��  ��. 

In the first order model, it was observed that variable SIZE 

did not give a significant contribution to the model.  Adjusting 

the second order model, it was observed that the intersect and 

the terms ����, ����� − 1 and interaction WAREA×

"#$� are significant. A Cox model was fitted and it was 

observed again that SIZE covariate did not reveal statistical 

significance. The assumption test to proportional hazards 

reveals no statistical evidence that these are not proportional to 

each variable in the overall model.  

A similar study was carried out with the censored data. 

The distribution that best fits to TTR with censored data was 

Lognormal distribution (lower values  of AIC and BIC criteria 

obtained with fitdistcens function from fitdistrplus package). 

The Cox model reveal that AREA and SIZE were 

statistically significant and the second order model shown that 

the ����, SIZE, ����� − 1, "#$�� − 1 and AREA×

%�&%'�� interaction are statistically significant.  

Using the second order models the response variable PDFs 

were simulated by Monte Carlo sampling (Fig.2 –data only 

with remission and censored data) and it can be compared 

with empirical PDF (Fig.3). 

> Nsim<-10^4 

> t<-0 

> X1<-0 

> for (i in 1:Nsim) { 

+ u1=rnorm(1) 

+ u2=rnorm(1) 

+ u3=rnorm(1) 

+ TTR<-function(a1,a2,a3) { 

+ PCE<- 30.2256 -13.5806  *a1 -4.3718  *a2+ 2.4267*a3+ 

+ 3.9472 *(a1^2-1)-0.9645*(a2^2-1)+4.7846*(a3^2-1)-2.4691 

*(a1*a2)+2.2082   *a1*a3-0.8439 *(a2*a3) } 

+   t<-TTR(u1,u2,u3) 

+   X1[i]<-t  } 

>    X1 

 

The survival functions (disease-free survival time) can be 

estimated by: "�)
 = 1 − *�)
, where F is the distribution 

function of TTR (Fig.4 and Fig. 6) (with Ecdf function from 

Hmisc package) and this function can be compared with the 

Cox model (Fig. 5 and Fig. 7).  
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To estimate the hazard function, which is defined by 

 +�)
 =
,�-


.�-

 , � �)
 being the density function of TTR, we 

need to get the theoretical distribution that best fits the 

survival functions "�)
 (Fig.7 and Fig. 9). These were Gamma 

and Lognormal functions, respectively. Once identified the 

distributions that best fit the survival functions, it is possible to 

estimate H and obtain its graphical representations (Fig. 10 

and Fig. 11).   

 
Fig. 8: Survival function adjusted with simulated             Fig.9: Survival function adjusted with                       
only with remission data (obtained from the  Gamma        simulated censored data (obtained from the                                                                                            

PDF fitted to simulated data.)                                              Lognormal PDF fitted to simulated data.) 

 

 

V. CONSIDERATIONS AND CONCLUSION 

The application of SRSM in the computer modelling of 

complex systems is crucial, since the full model simulation 

usually requires high computational costs. The methodology 

has been applied mainly to the analysis of environmental risk 

problems in particle transport and fluid, and on the analysis of 

structural reliability. In this work its application to a problem 

of survival analysis, in connection with morphological 

features of cell nuclei of breast tumour data, was considered. 

A model with Hermite polynomials was fitted to estimate the 

time to recurrence of breast cancer after tumor excision, 

according to three characteristics of the malignant cells nuclei: 

extreme area, extreme texture and tumor size. Two studies 

were performed: the first one only with recurrence data, and 

therefore uncensored data, and second, adding to these the 

censored data, data from patients who had no recurrence until 

the end of the study or those that left the study before it has 

finished. 

In the first study it was expected that results would suffer 

from a bias. As indicated by [37], most observed recurrences 

were at relatively short time (a mean of 24 months) and, 

therefore, the simulation on the model obtained with a 

regression method using just these data should result in low 

prediction of recurrence time, confirming the bias of this 

particular data set (mean of 31 months). However, it should be 

noted that [22] refer that it is expected a peaks of recurrence 

about 18 months after surgery.  

In the censored data, the higher probability of recurrence 

occurs not very far from 60 months and mean of TTR is about 

119 months. The peak at 60th month is often referred in the 

literature, see for example [18] and [17]. In the survival 

function it can be observed that it is about the sixtieth month 

that the probability of recurrence begins to decrease 

significantly, coinciding with that peak of occurrence. 
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